Groups and Subgroups N\

Groups: G x G — G, associativity, identity, inverse
Subgroups:
1. H is a subgroup < Va,be H,ab~' € H

2. Center: C(G) = {z € G|Vg € G, gz = zg}
3. G =2 G217,
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Cosets, Normal Subgroup & Quotient Group
Cosets: aH = {ahlh € H}, Ha = {halh € H}
1. Two left cosets are either disjoint or equal

G is divied by all the left(right) coset of H
aH=b0H iffbeaH, Ho=Hbiff be Ha
laH| = |bH| = |H| for all a,b € G

Index [G : H] = # left(right) cosets
Lagrange Thm: |G| =[G : H||H]|

7. If |G| = p, G has no nontrivial subgroup
Normal subgroup: aN = Na < aNa™ = N
Quotient Group: G/N, (aN)(bN) = (ab)N
Simple Group: no nontrivial normal subgroup

1. Subgroup of index 2 is normal

2. NaG,Q <G, NNnQ = {e}, then ng=gn

A e
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Homomorphism: ¢ : G — G', ¢(ab) = ¢(a)p(b)
1. Ker(¢) is a noraml subgroup of G

2. Im(¢) is a subgroup of G’
Isomorphism: bijective homomorphism
1. ¢ an isomorphism < Ker(¢) = {e},Im(¢) = G’

2. G/Ker(¢) = Im(¢), |G| = [Ker(¢)|[Im(¢)|
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Group Actions <

Group action: p: G xS — S
l.ex=2x

2. (9192)7 = g1(gaz)
Definitions

1. Orbit: O, = {gz|g € G}

Stabilizer: G, = {g € G|gz = =}

g-fixed points: Z, = {z € S|gz = x}
Fixed points: Z = {z € S|Vg € G, gx = =}
Quotient set: S/G = {O,|x € S}

ol N
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Properties
1. Two orbits are either disjoint or equal

G, =9Gyg ' & 0, =0,

(9Gz)z = gz, 17 # g2 & G1Ga # 92Go
G/Gy and O, is 1-1 correspondence

S| =232 102, = 22[G : Ga]

# orbits = ﬁ > gec 1 Zgl

A A
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Adjoint/Conjugation

Group action on itself:
1. Left multiplication: Ly (z) = gz

2. Adjoint/Conjugation: Ady(z) = gxg™*

3. Calyey: Any finite group G is isomorphic to a
subgroup of S,, with n = |G|
Definitions
1. Conjugacy calss: [x]y = {heh~t|h € H}

2. Centralizer: Cy(z) = {h € H|hzh™! = z}
3. Center: C(G) = {z € G|Vg € G,gzg™! =z}

Properties
L[S =32 llz]al = 250G : Cal(wi)]
a,b € [z], then |a| = |b]
N < G, then N is a union of conjugacy calsses
Ad, and L,(z) induce Aut of G.
Hom Ad: G — Aut(G), ker(Ad C(G)
# conjugacy calsses = \GI > gec |Calg)l

7 lgll =1& g€ C(G)
Automorphisms: isomorphism onto itself
1. Inner Aut: Inn(G) = {Adylg € G}

2. Outer Aut: Out(G) = Aut(G)/Inn(G)
3. G is abelian < Inn(G) = {id}
4. Hom Ad: G — Aut(G), Ker(Ad) =

A

C(@)

r
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Schur’s Lemma

If V.and W are Irreps of G and ¢ : V — W is a linear
map such that py ¢ = ¢pw, then
1. Either ¢ is an isomorphism. or ¢ =0

2. If V=W, then ¢ = Al for some A € C
Corollary: All Trreps of abelian group are 1-dim.

Direct Products & Semidirect Products
Direct product: G x H ={(g,h)|lg € G,h € H}
Semidirect product: NG, Q < G, if Hom G — G/N
induces an Iso @ — G/N, then G = N x4 Q with
¢:Q — Aut(N) a Hom
1. If m,n is comprime, then C,,, = C,, x C,
2.G=NxyQ& NG, NQ=G, NNnQ = {e}
3. N,(Q < G, semidirect product — direct product
4. (n,h)(n',h') = (ngp(n'), hh’)
5

. (nvh)il = ((bh—l(nil)ahil)
«
Reps

1. Repof Gin Visa Hom p: G — GL(V)
2. Subrep: an invariant subspace W of V'
3. dim(V & W) = dim(V') + dim(W)
4. dim(V @ W) = dim(V) - dim(W)
Irreps
1. Irrep < V has no nontrivial invariant subspace
2. Every Rep is a direct sum of Irreps
3. V=a1V1®--- D arVy
4. Equivilant < R’ = ARA™!
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Group function: f: G — C
Class function: f(gh) = f(hg)
Character: x(g) = Tr(pg)

1. xp(e) =dimV =n
Xolg™") = x}(9)
Xo(hgh™") = X,(9)
Xvew = Xv + Xw

XVew = XV - XW
PV = pv S XV = XV
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Compleness of Characters <

Characters of Irreps of G {x;}¥_; form an orthonor-
mal basis for CI(G) (vector space of clsss functions)
1. # Irreps of G = # conjugacy classes of G

-\G|ZX2()7() ﬁ
: @ > xi(9)"xi(h) = 0 for [g] # [h]

A T




Orthogonality Relations for Characters

Inner product: {¢|y) = |G‘ dec »*(9)¢(g)

If ¥ and x’ are the characters of two nonisomorphic
Irreps we have

Lo[IxI]? = (xIx) =1
2. (xIx) =0
TV =01Vi® - ®apVi, we have

1. Rep is determined by its character
2. The multiplicity a; of V; in V is a; = (xi|x)
3. A Rep V is irreducible iff (x|x) =1
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Matrix Elements of Representation

Matrix element: (py);; : G — C
L. Orthogonality: (pi;|p} ;) =

din&(p) 509’ Oiir 00

2. Compleness: ﬁ >4 dim(p)p*(9)p(h) = dgn
Matrix element of all Irreps {pE;’)} form an orthonor-
mal basis for V(G) (vector space of group functions)

\
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Regular Representations

Group algebra Ag: The set of formal linear combina-

tions v =3 ;e
1. dim AG = |G|

2. Regular Rep is R(g)v = gv =) . c(s)(gs)
3. Regular Rep is in forms of permutation matrix

4. Regular Rep is faithful (injective)
Decomposition of Regular Representations
1. Character rg: rg(e) = |G|, ra(g) =0 (g # e)

2. Every Irrep V; is contained in regular Rep R
3. Multiplicity of V; is equal to its degree n;

4. Ym?2 =G|

5. 2 inixi(g) =0for g#e

r
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Decomposition of Tensor Products

Tensor product of 2 Irreps V;, V;
1. Vi@ V; = ®aNi; Ve
2. Nij" = (XalXigs) = &7 2gec Xal9)Xi(9)X;(9)
3. N,;ja = ija
4. Matrix (T3);* = Ni;*, then [T;,Tj] = 0

iJ

r
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Symmetric Groups S,

Basic properties

1. [Sa| =nl, S, = A, x Cs

2. A, = {All even permutations}

3. (12)(23) = (123), 7(123)r = (r(1)7(2)7(3))
4. S,, can be generated by (12)(23)--- (n-1,n)

5. Center: C(S,) = {e} forn >3

6. Nontrivial normal subgroup: A,, n=3,n>5
Conjugacy classes
1. Conjugacy class [u] < Integer partitions u

k
2. p=(p1,- - 7Mk) =D i By B = >
3. |[u]l = T oy M multiplicity of g,
Reps
1. Irrep V,, < Conjugacy class [u]

2. dim V,, = # Standard Young tableaux Y,
3. # Standard Young tableaux Y, = I n!
4
5

. Form of Irrep < Young operator F(q)
. Rep of (k,k+1)
(a) Basis: Standard Young tableaux Y,
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seY (u) hy(s)

(b) k, k+ 1 in the same row: (k,k+ 1), =1

)
(¢) k, k+1in the same col: (k,k+1),,. = —1
d) (b, k+ 1) = v with p:
(kk+]-)rr: (kk+1)s‘s*p
(k,k+ 1), = k k:—l—l V1-p?
hu(1) =4 1/p=2 1/p=-2

Cyclic Group C,
Cn={(a)={e,a,- -
Irreps:

1. p(a™)=wm=(e"n )™ k=0,1,---

2. # Irreps = # Conjugacy classes = |C,,|
Character Table of C3

,a" 1}, Abelian

n—1

e a a’
x1 |1 1 1
X2 |1 w w?
xs | 1 w? w

Symmetric Groups Ss

1. S5 = {e, (12),(23), (13), (123), (132)}

2. 2= (123), y=(12), 23 = y? = (yx)? = ¢
3. yry =2 =22

4. S3 = D3

Irreps of S3
1. Trivial Rep: p1(g9) =1

2. pa(e) = p2(123) = p(132) =1
p2(12) = p2(13) = p2(23) = —

3. 2-dim Irrep:

10 1 V3 1 _V3
pir =g Y ,,3(12;;):{7& i} pol132) = {i R
2 2 2 2
1 V3 1 3
pg(m):[ll) ?1] p3(23) = {é 4 p3(13) = Lﬁ K
2 2 2 2
Character Table of Ss
[(e)] [(12)] [(123)]

Xl 1 1 1

Yo | 1 1 1

Ys | 2 0 1

- 23)1 = —1/2
(28)s = 1/2
(23)12 = (23)21 = V3/2

Lie Groups & Lie Algebras

Lie group G: manifold + group structure
Lie algebra g: vector space + Lie braket
Lie Thm
1. Lie group G < Lie algebra L(G)
2. exp: L(G) = G, %|t:0 : G — L(G)
3. Lie group Hom ® < Lie algebra Hom ¢
4. 4 _pexp(itX) = X, ®(et¥) = et?(X)
Compact Lie Group:
1. For physics, compact = bounded and closed

2. U(1) = R, not compact
3. SO(2) = S, SU(2) = S3, compact
4. U(1)/Z = Compact!

Examples:

1. GL(n) ={A € M,|det A # 0}
2. SL(n) ={A € M,|det A =1}
3. gl(n) = M, sl(n) = {A € gl(n)|Tr A =0}
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Dihedral Groups D,

D,: R ratation, r reflection

1. D, =(R,r) = (R) x (r) =C), x Cy
2. R" =72 = (rR)? =
3. R"rR"=r,rR"r =R™"
Conjugacy classes for n = 2m
1. [e] ={e}
2. {RF, R7*}&{R™}, (k=1,--- ,m—1)
3. {rR¥k=1,--- ,m}
4. {rR¥ |k =1,--- ,m—1}
5. # Conjugacy classes = m + 3

Conjugacy classes for n = 2m + 1
L [e] = {e}
2. {RF,R7*}, (k=1,---,m)
3. {rR¥|k=1,---,2m}
4. # Conjugacy classes =
Center of D,, (|[g]] =1)
1. n=2m, C(D,) = {e,R™}
2. n=2m+1, C(D,) = {e}
Non-trivial normal subgroup for n = 2m
1. (RF) with k divie n
2. (R?,r) with order m
3. (R% rR) with order m

Non-trivial normal subgroup for n = 2m + 1
1. (RF) with k divie n

m + 2

Dihedral Groups D

1. Dy ={e, R,r,7R}, Abelian

2. Rr =rR, Abelian

3. Conjugacy classes: [e], [R], [r], [rR]
4 Dy Ky 27 X Zo

Irreps: £1 correspond to R and r in all possible ways

Character Table of Do

e R r rR
x1 |1 1 1 1
x2 |1 1 -1 -1
x3 |1 -1 1 -1
xa |1 -1 -1 1

Simple Lie algebra:
1. Has no non-trivial ideal

2. Non-abelian
Simple Lie group:
1. Has no non-trivial normal subgroup

2. Connected, Non-abelian
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Examples: sl(n,C), so(n,C), u(3), SL(2)
Structure constant fup": [Xa, Xp] = i far“Xe

1. Structure constants is a tensor

2. fi fu” + fjklfiln + fri' fi" =0

3. Matrix (T) = fi;", then [T}, Tj] =

4. A= A'X,, [A, B = ifj' A BF

5. Under linear transformation X; — X/
= fi* = £ = BT fin"

ifi " T

=T/ X;
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Adjoint Representations

U(n) & SU(n) N

1. U(n) = {A € GL(n)|AAT = I}
SU(n)={Ae€U(n)|det A=1}

u(n) = {4 € gl(n)| AT = A}

su(n) = {A € gl(n)|AT = —A, Tr(A) = 0}
C(SU(n)) & Z,, with the form €1

Z, <U(1)<SU(n) < U(n)

dimU(n) = n?, dim SU(n) =n? — 1
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Baker Campbell Hausdorff Formular

1. Ad.x = erdx
CeXYe X =%

NS gt N

%[X(n)ayL X(n+1) = [X(n)vy]
e—tA(x)%etA(a:) — f(: B_SA%e'SAdS
fol 6(175)A%68Ad5

eXeY — o2

2

3

1 fLeA® =
5 e
6

Z=X+4Y+iX Y]+ 5(X X, Y]+ [X,Y],Y])+
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Adjoint Rep of G: Ad:G — L(G), g — Ad,
Adjoint Rep of g: ad:g — Aut(g), X — adx

1. Ad, is an operator of Ag, Ady(z) = gxg™
(X, Y]

2. ad, is an operator of g, adx (YY) =
3. Ad.x = erdx 4
Structures of ad (4 = A'X;)
1. (adA)szj = [A,B]Z = ifikZAjBk
= (adA)ji = Z'fjkiAk
2. Killing form: v;; = fiklfjlk
3. fyt =

1

7fj7;k, f”k = ’yklfijl is totally ant-sym

O(n) & SO(n)

1. O(n) = {A € GL(n)|AAT = I}

SO(n) ={A € O(n)|det A =1}
so(n) = o(n) = {A € gl(n)|A" = —A}
dim O(n) = dim SO(n) = in(n — 1)

SO(n) < O(n), O(n) = SO(n) x Zy
C(O(n)) = {I,—1} =7,

A

Roots and Weights N\

Cartan Subalgebra b, for all H € b
1. ady can be simultaneously diagonalised

2. b is maximal, § is Abelian
Roots
1. adgX = (o|H) X for all H € b, « is root

2. go ={X € gladyX = (o|H) X'}
4. If « is a root, then so is —a

5 If X € go, then X* € g_,,
Weights: For a representation R : g — gl(V)
1. R(H)v = (w|H)v for all H € b, w is weight

2. Weights of adjoint Rep are the roots
3. V=g,Vy
4. RuRe, lw) = (alH) + (w|H))Rg, |w)
5. RuRp, |w) = (ag +wg) |w + a)
Sub SO(3) .
cosfcos¢p —sing sinfcos o
S(n) = |cosfsing cos¢ sinfsing
—sin@ 0 cos




Cartan-Weyl Basis

Commutation relations for the Cartan-Weyl basis
1. [H;,H;] =0, Hf = H;
2. [Hi,E,]| =o,E,, Ef, = E_,
3. [Ea,E_o] = H, = o'H;
Normalized Cartan-Weyl basis
1. TI‘(E(,E,B) = )\(50/,3
2. For su(2), By = %Jt
su(2) Subalgebra
1. +a of semi-simple Lie algebra < su(2)
2. By = ﬁEﬂ:m H = ﬁHa
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Geo Rep of SU(2)
1. SU(2)= 83, 4-dim spherical coordinates (w, 8, ¢)
2. x1 = sin g sinf cos ¢, x2 = sin § sin fsin ¢
xr3 =sin § cosf, vy = cos §
3. we|0,2n], 0 €[0,7], ¢ €[0,27]
4. North pole: w = 0, South pole: w = 27
5. n = (sinf cos ¢,sin fsin ¢, cos §) = wn
6. SU(2) & S3 & B3 3-dim ball r = 27
Exp Reps of SU(2)
1. U(n,w) = exp(twn-o) = cos 2I+isin 2-(n-o)
2. Un,w+2n) =-U(n,w), U(—n,w) = U(n, —w)
Conjugacy calsses of SU(2)
1. For an w, {U(n,w)|Vn} is a conjugacy calss

2. Class function on SU(2) only depend on w

Geo Rep of SO(3)

1. Upper-half SU(2) sphere, w € [0, 7]

2. SO(3) & Half of $? & B3 3-dim ball r = 7

3. R(n,7) = R(—n, ) Antipodal points = Same
Exp Reps of SO(3)

1. R(n,w) = exp(iwn - T)

2. R(n,w+ 27) = R(n,w), R(—n,w) = R(n, —w)
Properties

1. Sm)T35 *(n) =Y, nT;, S(n)és =n

2. SR(n,w)S~! = (Sn,w)

3. For an w, {R(n,w)|¥n} is a conjugacy calss

SU(2) & SO(3) \

Relations
1. For X € su(2), U €SU(2), write X =x- 0o

2. adp X =UXU"'=X"=%"-0
3. Define x' = D(U)x, then D : SU(2)—SO(3)
4. Double covering: D(U(n,w)) = R(n,w)

5. SU(2)/ Zy = SO(3)
Subgroups of SU(2) and SO(3)
1. Uy = {U(n,w)|lw € [0,27)} < SU(2)

2. SO(2)n = {R(n,w)|w € [0,27)} < SO(3)

3. Zp<U(1) < SU(n) < U(n)

4. D(Zy) = Zr(odd) or Zyo(even)

5. SU(2)/U(1) = S2%, Inn(SU(2)) = SO(3)
Properties |

1. su(2) & s0(3), [Ji, J;] = i€ " I

2. Irreps: V;, 25 € ZT, dimV; =25 +1
3. Cartan generator: H = Jz, rank = 1
4. Roots: A, = {£1}

5. Cartan-Weyl basis: EL = J; £iJs, H=J3
2-dim generators Rep: J; = 0;/2

1o o —i o 1
2= 0o —1| YT |i o 7|1 o

3-dim generators Rep: J; = T;/2

00 0 0 0 i 0 —i 0
00 —i|.T,=|0 0 0|, Tx=1[i 0 0
0 i 0 - 0 0 0 0 0

1. [E,TJ] = iEijka¢
2. Cartan generator: H; = A3, Hy = Ag, rank = 2

3. Roots: Ay = {#£(1,0),£(L, ), £(L, — )}

2072 207 2

4. Cartan-Weyl basis: Ei,, = 11 £i1s, Eiy, =
Ty T, Eyo, =T 17, Hy =13, Hy =Ty

3-dim Rep: T; = \;/2 (Gell-Mann matrices \;

<.
~—

010 0 —i 0 1 0 0 0 0 1
AM=1[1 0 0jAX=]7 0 0fA3=1]0 -1 0|X=1]0 0 0
000 0 0 0 0 0 ©0 1 0 0
00 —i 0 0 0 00 0 1.0 0
)\5—{0 0 U:|)\ {0 0 1:|)\7—{0 0 i:|)\x—\%{0 1 0}
i 0 0 010 0 i 0 00 —2
\ v

Finite Subgroups of SO(3)

SO(3) Acts on R?
1. Orbit of n: O = {x: |x| =

2. Stabilizer of n: Gn = {R(n,w)|w € [0,27)}
Poles

L. Pg:Zg:{NmSg}, |PqG| =2

2. Pg ={P,|Vg € G}

3. Vge G,Vx € Pg, gr € Pg

4. Vx € Pg, 2 < |G| < |G|
Finite subgroups of SO(3)
1. |Pg| = 2: Rotation with a fixed axi, C),

P 1 1 2
2 Pel=3 gyt Ten =Lt e

In|}, a sphere

Class (|G|, |Gayl,|1Gas]) G Polyhedra
Dyyyo (2,2,n) D, Dihedra
Eg (2,3,3) Ay 4
Er (2,3,4) S 6,8
Es (2,3,5) As 12,20

Euler number: x =V —E+4+ F =2
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Groups and Q.M.

‘H is Hilbert space and H is Hamiltonian
1. G is group of symmetry

. A unitary or antiunitary Rep U(G,H)
[U(g),H]=0forall ge G

HU(9) [9) = U(9)H [¢) = EU(9) |4)

U(g) |¢) and |¢) may be the same state
(G H) has n Irreps V;, s.t. H = BamaVa
W, = {Uilg) [4) : Vg € G}, Vi = span(¥;)

2. V; is an eigenspace of H

Qicn%.c,ow

3. H has at most ) m, eigenvalues in H
Proof: Suppose |¢) € V; and |¢) ¢ span(¥;), we must
have V = span(¥;), V; = V @ VL where |¢) € VL.
But V+ and V are both invariant under U(g), which
means that U(G,H) is reducible. This leads to con-
tradiction!
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Pauli Matrix

1. 005 = 51’]’ + iGijkdk

[O'i,O'j] = 2i€ijk0'k, {0'7;,0'3'} = 25U
(X 0)(X o) =|X[I

Y a(0a)ij(0a)kt = =050k + 28461

L




