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FLRW Metric

Unperturbed Universe

The FLRW Metric

ds? = a2(n) [—diP + yda o] 1)

’yijdxidxj = dr? + x2%(r)(d6? + sin? Odp?) (2)
r K=0

x(r) = \/% sin(vKr) k>0 (3)

ﬁ sinh(\/|K|r) k<0

In flat universe we have

ds? = a*(n)[—dn?® + 6;;dx" da’] (4)
“dz
r=a(ny—n) = H (5)

0



FLRW Metric

Perturbed Universe

Newtonian Gauge

ds* = a®(n)[=(1 + 29)dn* + (1 — 29)~,;dz"dz’] (6)
i datda? = dr? + x*(r)(d6* + sin” 0dp?) (7)
r K=0

1 n
TR sinh(\/|K|r) k<0

In flat universe we have
ds® = a®(n)[—(1 + 2¥)dn? 4 (1 — 2®)J, ;dx' da’] (9)
V—g=a*(1+ ¥ —30) (10)

1 .
ut =nt=—(1+T,u") (11)
a



Perturbed Photon Paths

Temporal component: Sachs-Wolfe effect

To condisder the redshift we can work in comoving coordinates

ds? = a%ds? (12)
The observer receives the photon redshifted by a factor
241= (U : n)s _ a’(no) (u : n)s (13)

(@), aln,) (w-n),
where n# is the 4-velocity of photon and u* is the peculiar velocity. The
first order geodesic equation in flat universe yeilds

don’ , Y
) — (¥ + Q) +2ﬁ_0 (14)
don’ : d(n'®)
) —0(T+P)—-2 ) =0 (15)
Solution:
onl|e = —20|° +/ (T + D) dA (16)

on'|9 = 2n'®[9 +/ O'(¥ + ®)dX (17)



Perturbed Photon Paths

Temporal component: Sachs-Wolfe effect

With n# = (n® + 6n°, n® + n?), u* = (1 — ¥, v")Redshift

. _ 500 —
= a(n,) (v-n+ ¥ —on 1),
a(n,) (v-n+ ¥ —ond —1),
a(m)[ /o , }
= 14+ 9|24+ v-n|f— U+ ®) dA 18
Sl [+ ¥z 4 venlz— (@4 0) (16)
= alr1,) [1+\I/|§+v-n|§+/ S(\D+<I>)’d7-}
a(ns) 0
So
0z = [\I/ +v- n}‘) + /rs(\ll + CID)/dT (19)
1+2z s 5

RSD: [V + v - n]?
SW effect: [ (¥ + ®)'dr



Perturbed Photon Paths[1, 2]

Spatial components: Gravitational lensing effect

The path of null geodesics
ds® = a*(n)[—(1 + 29)dn* + (1 — 2®)y;;dz'dz’] = 0
=(1+ 2V +2®)dn? + %-jdl’idxj =0
Definition (The Wely potential and the conformally-related metric)
1
Uy = 5(\11 + ) (20)
ds? = (14 4V, )dn? + %-jd;vidxj =0 (21)
We have (ffj are the Christoffel symbols of the unperturbed metric v,;)
[fy = 20, Uy, Lo, = 20,0y, ry;=0
F(i)o = 2’yijaj\IjW Fé'o =0 F?j = flfj



Perturbed Photon Paths

Spatial components: Gravitational lensing effect

The geodesics equations

d2n dn\> dUy, _dyda’ Uy,
T o (D) w90 v _ 2
FpC (d)\) i DD o (22)
d?x OV, = dad dat
] [ —
oz T2 e Yy ax =0 (23)

We can eliminate the affine parameter \ in favour of 7

d?r’  _dat [(d¥ dz? OW O0Wy, = dad dat
=9 — W T W oy W T T T (24
dn?> " dn < dy ' dn amﬁ) " Gws Ty dn &)
We have
d*r AWy,
Z 19 = 2
dn? dn 0 (25)
d?0 dlnx(r) dé 2 OV
dn? dr dn + x2(r) 00 (26)
d? dl d 2 v
o ,dnx(r)dp Ww _ (27)

dn? drdn = x2(r)sin®0 Op



Perturbed Photon Paths

Spatial components: Gravitational lensing effect

Initial Condiction:

Observer position: r = 0, time receive the photon 1 = 7,
Unperturbed photon trajectory: 0 = 0,, ¢ = ¢,

Neglect the perturbation at observer

Solutions:
Tlo
r(n) =ny—n+2 / Uy-dn’ (28)
I
o f— a v /a - /70 ) ’
. xX(mo —m)x (1o — 1)
2 /n” X" =m0, Yy (0 sm9 — 1", 00, 0)
©(n) = g — : dn’ (30
) == 0, J X (1o —m)x (g — 1) (30)

We found that % = —4r =1 + O()



Galaxy Number Counts[1, 3]

What can we observe
Redshifts z, Directions n, Number NV
Number Count in Redshift Space: N(n, z)
Number Count Flucuation
N(n,z) — N(z)
Ayn z)= —2=———~
nm2) = =R
What we need for models
Matter Denisty: p(x,7)
Matter Denisty Flucuation
op p(x,m) —pn
6Z(X? 77) = = ( —) < )
Pl p(n)

Redshift Matter Denisty Flucuation

P
0,(n,2)=—| =
(n, 2) )



Galaxy Number Counts

First we show the number count fluctuation given by Durrer

A(nz)_dm+<1>+\11+—[<1>’+a( -n)]

I
H' 2 " / /

+<}[2+W> <\I’+V-n+/0 (v +<D)dr> (31)
1 T )

+o (2—=v2) (@ + @)ar

where V3 denotes the angular part of the Laplacian

V3 = cot 00y + 03 + 02 (32)

sin@ 7

Lensing focusing

" T's = T2
= B — v+ P
; /0 IV + @) (33)

S



Galaxy Number Counts

Perturbation in Redshift Space

Number count flucuation in redshift space®

oV
Ay=6,+— 34
Relation between ¢,(n, z) and §,,(x, t)
p dz p 142
Bonus: . B
P P
-— = 36
dz 1+z (36)
Proof: For 1+ 2z = ay/a, p,, o< a3, we have
dp _dpda_, 5

= — = _3
dz da dz pa 1+z

IBefore introducing bias, we assume that matter density fluctuation is equal to galaxy
number density fluctuation, §,, = d,



Galaxy Number Counts

Volume Perturbation

The spatial volume element has to be defined an observer moving with
4-velocity ub as

dV = /*géfu,,aﬁup‘dx”dwadwﬁ
oz” Oz dzP
= o/— e — ——dzd0 d
gg,uuaﬁu 9z 895 8993 zav apg

0(0,,0,)
— 27501 d2df, dop,
(0, 9,) v

37
dx” dz® OxP (37)

= — w__
A P T

= ’U(Z, 007 (,OO)dLL'VdQO
The volume perturbation can be defined as

1) 0
oV _ov (38)
Vv v



Galaxy Number Counts

Volume Perturbation

The perturbed angles at the source: 6, =6, 4 66 and ¢,

‘3(957%) _
0(6,,¥,)

We have

d 0
v=a(1+v-30) | Fr2 2

where (£ = &)

dr dr  dor @@—“<1—@+L&>
A dz = dr

=1+ cotf,00

=&
sinf,  sin(0, + 00)

sinf, sind,

=@, + dp
950 sy
296 905 (39)
950 9sp

+&%+30)OW+Vﬂ(w)



Galaxy Number Counts

Volume Perturbation

We have
7 ,
9(2) = ——— 4
@, 1+ 2)37 (41)
v(z) =0(z) + %62 (42)
dv v 2 H'
dz1+z<r}[4+}[2) (43)
Density fluctuation
v v(z) —9(z)
v 9(2)
0 ddp 20r  dér
= 30 il = _v- =27
30+ (cot 0, + 89) 00 + R v-n+ . n (44)
P N Y
H(1+2) dn 14+z) \rK J?

Goal
Find the expression of: dr, 46, d¢



Galaxy Number Counts

Volume Perturbation

dr, 06, d¢ have been caculated in (28), (29), (30). In flat universe we get

or(r,) = / (U + BYdr (45)
0
Ts r.—r
50(r,) = — / 2 " 9,(W + ®)dr (46)
0 T'ST'
1 Tsp —1p
S(r,) = — s "9 (U +®)d 47
o) =g | row s (47)

Density fluctuation

5 L[
%:—2(\I/+<I>)*4v-n+% (nZ@-‘P+@’+

)

2 H’ e ,
+<7“.7{+.7{2) (v-n+\I!+/o (\I/'Fq))dT)

9 Pa Ps Ty -
+—/ (\I/+<I>)dr—3/ (\I/+<I>)’dr—/ D092 (0 4 @)dr

Ts Jo 0 T
(48)

0 s



Galaxy Number Counts

Galaxy Number Density Flucuation

A(n,z) =6, +m1/_2<1>+ﬂ[q>'+a(v n)]
+<§[[g TZ}[) (\I/+V.n+[é(\1ﬂ+<1>’)dr) (49)

w
Ts 0

Density: 4,,

RSD: +0,(V - n)

Lensing: —-1 jo'rs LtV (U + @)dr = —2k
Doppler: <}[2 + 7 }[)V n

Potential: . B
U204+ 5+ (95 + 2) (U + [ (¥ + ®)dr)+2 [ (T+)dr

%) (W + ®)dr




Galaxy Number Counts

Flux Limit

A telescope has a finite sensitivity and cannot see objects that emit light
below a given flux limit F, depending on the telescope.

Apparent magnitude m

5
m,=—3 log,, F, + const (50)
where the constant is traditionally defined such that the star Vega

has apparent magnitude zero.

Luminosity L, is the total outward flow of energy from a radiating
body per unit of time.

Flux F, is defined as the total flow of light energy perpendicularly
crossing a unit area per unit of time.

L



Observed Luminosity Distance

Flux Limit

Define

n.(z,n,Iln L): The comoving number density at the source in a
logarithmic interval of luminosity

N : The accumulative function of n,

N (z,nInL,)= / ngdln L (52)
InL,

N,(z,n,In L,): The (physical) number of sources per z per solid
angle as measured by the observer 2

2
N,(z,n,InL,) = %Ns(z,n,lnl/*) (53)

2Remember that 7 = [ dz/H



Observed Luminosity Distance

Perturbed Luminosity Distance

Given an observational threshold F, in flux, we have

CN.dL
N JEF) = = F 4
S(Z7n/ *) /F: dL dFOd o (5 )
we found that
L L, D? L (1+26
F*: *2 _ *2 5 _ *( +2 D) (55)
drD7  4nD7 D7 dn D7

N (z,n, L (14+26p)) =N (z,n,L,)—5pN (z,n,L,)0p, (56)

The fluctuation of luminosity distance is given by

0D 1 " ,
DL——\I!—< _}[r,) {\If—i—v-n—k/o (\I/+<I>)d7]

L s

yw+@m



Bias

Magnification Bias

Magnification Bias:

20N, (3L,

5 OlnL (58)

s(z,m,) =
L=L,

Magnification bias quantifies the change in the observed number of
galaxies gained or lost by lensing magnification



Bias

Clustering Bias[4]

Since the process of galaxy formation is due to local physics, and since
we expect our sources to follow the same velocity field as the dark
matter, the clustering bias relation should be applied in the synchronous
comoving gauge.

Clustering Bias 3 :

Oln ]VS
on

0, =b(2)0,,. + ( — 3]—[) v, =00,,.+ (b, —3H)v, (59)

36me = O + 3H vy, §,. =5, + 4T v,., where v, is the velocity potential



Bias

Evolution Bias[4]

Evolution Bias:

B O N, (2, L,) B OInN (2, L,)
be(2,m.) = Olna  OIn(1+2)

Evolution bias quantifies the physical change in the galaxy number
density relative to the conserved case. Another point of view[1]:

N’
W = (1 _be/g)

< =
—
(@)}
—
N—r



Galaxy Number Density Flucuation

1
A(n,z) =b0,,.+ (3 —=>b,)Hv,+ ¥ —(2—55)D + %[q)/ +0,.(V-n)]

H 2
+( + 5s+55be> <@+V-n+/ (\IJ’+<I>’)dr)
0

FHZ o orH
2—5s [ Ts—T o
= /0 (2— - VQ) (T + ®)dr
(62)
The kinematic dipole due to the velocity v, in Ay is given by
. H'  2—5s
kin _
dn <2+}[2+wbe)von (63)

which we have negelcted before



Ay=A, —bA, +5sA, (64)
where
1
A’n, = b(sm + W —20 + %[(I)/ + ar(v ' l’l)}
H' 2 " / /
1 [ Ty — T o
+,/O (2= 2—=v3) (v +@)dr
A, = Ho, + (\1/ _V-n +/ v+ <I>’)dr> (66)
0
A, =+ (1 L ) <\IJ+V-n+/ S(\I"JrCI)’)dr)
) rs}[ 0

(67)

B 1 /TS <2_7-5—7‘v?2) (\IJ+CI))d7'
0

r



AN = An - beAe + 55A5 (68)

H2
- U — 20 i
A, =bs, +¥—2 +RSD+<}[2+ }[>6+2'7+2/<; (69)
A, =H v, —e¢ (70)
1
As—®+(1rsj_[>e'y+2/€ (71)
where
ez[\p—v-n]g+/ (W 4+ D )dr (72)
0
K= / L1920 + @)dr (73)
o 2r,r @
1 [
v = —/ (¥ + ®)dr (74)
0

[®" 4 0,.(V - n)] (75)

R = o

RSD =



Calculation

Transfer Function

Expand curvature perturbation and number count fluctuations

N
Dyp = Y 77 ®up (kr cos 9)! (76)

="

=1
A% = 7Df<(cos 0)! (77)

— !

Transfer functions
®(a) = Ty (a)Pup (78)
v(a) =T,(a)®Pyp (79)
50 H /" da,

Ty(a) = —2 80
o= 5" 50 |, L)/ FoP (80)

5Q 1 “a—a, da,
T = m 1
@)= =" Hoa? / ar (F(ay)/7o)? (81)



Calculation

M.D. universe case

Shear-free: & ~ ¥
M.D. universe: Q,, =1,H =2/
Transfer function:

Tol@) =1 Ta)=3 (82)

Contribution of [ = 1 term:



Calculation

M.D. universe case

Contribution of [ = 2 term:

1 1
A€ — (6 _ §%> k212 cos? Q@MD,Q

1 1 5 k‘2 2
AS — 76]{27'2 + <12k27'2 + Ek%ﬁo = 6710> cos?

1 1 2 k%n?
A" = —_ 2.2 o 202 1.2 . o 2
3k:T +< 12kzr +3krno — >c059
Contribution of [ = 3 term:

|
AF = < gr - 6k3r2n0> cos? 0

1 1 1 1
A = —1—2k3r3 cos 6 + (_EkSTB + Zk37‘2770 - Elf’rnf) cos® 6

1 .. 1 .. 7. 1 . ]
A" = fgkd'r‘3 cos O + <76k‘57'3 + Ek‘37'2'r]0 — §k57'713> cos> 6



Calculation

M.D. universe case
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